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Abstract--In Part I we presented the first physics-based analytical model that unifies the descriptions of 
majority and minority carrier mobility and that includes screening of the impurities by charge carriers, 
electron-hole scattering and clustering of impurities. Here the model is extended to include the full 
temperature dependence of both majority and minority carrier mobility. Based on our model and 
experimental data on the minority carrier diffusion length as a function of temperature, the temperature 
dependence of the carrier lifetime is determined. The model is especially suited for device simulation 
purposes, because the carrier mobility is given as an analytical function of the donor, acceptor, electron 
and hole concentrations and of the temperature. 

I. INTRODUCTION 

In a previous paper[l] (hereafter referred to as Part I) 
we published a mobility model that unifies the 
description of majority and minority carrier mobility. 
Using this analytical model, experimental data on 
majority and minority carrier mobility and mobility 
data on electron-hole scattering are accurately 
described. In this paper we describe the incorporation 
of the temperature dependence of the carrier mobility 
in our model and make a comparison with exper- 
imental data. The main features of the model and a 
limited comparison with experimental data have been 
published elsewhere[2]. 

Comparing experimental mobility data as a 
function of temperature with model calculations is 
hampered by the incomplete ionization of the doping 
ions. Moreover, only data on the minority carrier 
diffusion length as a function of temperature are 
available[3-5]. Consequently, the temperature depen- 
dence of the lifetime is needed in order to calculate 
the temperature dependence of diffusion length from 
our mobility model. Both problems are dealt with, 
leading to a consistent model description of the 
experimental data on the diffusion length as a 
function of temperature. 

2. TEMPERATURE DEPENDENCE OF THE MOBILITY 

In this section the temperature dependence of the 
four contributions to the mobility, as presented in 
Part I, is discussed. 

2.1. Lattice scattering 

For the lattice scattering mobility, #i.e [see eqn (2) 
of Part I], we use the well-known power dependence 
on temperature (see e.g. Refs [6,7]): 

f300y, 
l.li, L = ~ . l m a x t ~ -  J , (1) 

where the subscript i stands for e or h. The par- 
ameters 0 i will be determined in comparison with 
experimental data. 

2.2. Majority impurity scattering 

For the majority impurity scattering mobility, #i.i 
given by eqn (5) of Part I, we use the temperature 
dependence as implied by the Conwell-Weisskopf 
and Brooks-Herring approaches. From eqn (A5) in 
the Appendix of Part I we see that we can then still 
use eqn (5) of Part I, but: 

with 

and 

#2max (-~-T ") 3~'-L5 (2a) 

~i,N = ~/max - -  /2rain \ 300/ 

/2min]2max (300") °5, (2b) 
"Lc  .ma~- 7rain \-T- / 

where the subscripts (i, !) stand for (e, D) or (h, A). 
As the parameter ~t z stems from the description of the 
majority carrier mobility as a function of impurity 
concentration [see eqn (1) of Part I], no additional 
parameters are introduced. 
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Fig. 1. Majority electron mobility as a function of tem- 
perature for various donor concentrations. Dashed lines 
represent model calculations and symbols represent 
the experimental data of Li and Thurber[8,9]: x, 
1.2 x 1014cm-~; ~ ,4 .0  x 1014cm ~; A, 1.0 x 10~Scm 3; ~ ,  
9.0x 10]Scm ~;*,2.0x 1017cm 3; ~ ,  1.Ox 10]~cm ~;and 

~ ,  2.5 x 101Scm 3. 

At  this point  we have specified the tempera ture  
dependence of  the two contr ibut ions  which determine 
the majori ty carrier  mobility. Consequent ly,  the 
majori ty carrier  mobil i ty can be calculated as a 
function of  temperature  and compared  to the exper- 
imental  data  in order  to determine the parameters  0, 
(see Figs 1 and 2). The values obtained are 0~ = 2.285 
and  O h = 2.247. F rom Figs 1 and 2 it can be seen that  
with the in t roduct ion  of  only two parameters  a good 
description of the majori ty carrier mobili ty as a 
funct ion of  temperature  is obta ined for temperatures  
higher than  200 K. 
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Fig. 2. Majority hole mobility as a function of temperature 
for various acceptor concentrations. Dashed lines represent 
model calculations and symbols represent the experimental 
data of Li[10,11]: + ,  4.5x 10~4cm-3; x,  1.1 x 1015cm 3; 
O,4.5 x 1015cm 3;A,2.1 x 10t6cm 3 ; ~ , 5 . 6 x  1016cm 3; 
• , 3.0 X 1017 c m - 3 ;  ~t~, 7.0 X 1017 c m - 3 ;  and 

3.2 x 10mcm -3. 
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Fig. 3. Collision cross-sections for momentum relaxation 
calculated as function of the temperature for a screening 
radius of 14.3t (as in Fig. 6 of Ref. [12]). The dotted line 
represents the Born (or Brooks Herring) approximation; 
the solid lines represent the partial wave method; and thc 

dashed line represents the modification suggested. 

2.3. Minori 0, impurity scattering 

The minori ty impuri ty scattering mobili ty is given 
by eqn (10) of  Part  I. In these expressions F~.o and 
/Lh, A have the temperature  dependence described in 
the previous subsection. The parameters  P~ and Ph 
depend quadratical ly on temperature  [see eqns (16), 
(8) and (A3) of Part  I]. Fur thermore ,  for fixed P the 
function G depends on temperature  [see eqn (9) and 
Fig. 2 of  Part  I]. For  values of  P larger than unity the 
combined  effect of  the tempera ture  dependences of 
the parameter  P and funct ion G yields for G(P) a 
value that  decreases with temperature.  As can be seen 
from Fig. 2 of  Part  I, however,  G(P) reaches a 
min imum at values of  P between 0.1 and 1, which 
might  result in a different dependence of  G(P) on 
temperature.  This min imum in the function G orig- 
inates from the fact tha t  the collision cross-section for 
an attractive potent ial  reaches a max imum as a 
function of the temperature  (see Fig. 3). This maxi- 
mum is related to the Ramsauer  effect (see Ref. [12]). 
Al though in practice the Ramsauer  effect may occur 
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Fig. 4. The function G ( P )  calculated as a function of P for 
four different temperatures and an effective carrier mass 
equal to the free carrier mass (see Fig. 2 of Part I). The 
dotted line represents the modification suggested (see text). 
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Fig. 5. Resistivity of P-doped Si as a function of temperature 
for various impurity concentrations. The symbols indicate 
the experimental data of Swirhun[3] and the dashed lines 

indicate our model calculations. 

in Si, the Conwell Weisskopf and Brooks-Herring 
(or Born) approximations, which form the basis for 
the temperature dependence of /~e.D and /~h.A in eqn 
(10) of Part I, do not incorporate such interference 
effects (see Fig. 3). Consequently these interference 
effects should also be removed from the function G 
in order to obtain the correct values for #e.A and ~h.D, 
respectively. This can be done effectively by taking 
G(P) for values of P smaller than the value at which 
the minimum is reached, equal to the value at that 
minimum (see Fig. 4). In this way, a temperature 
dependence for the collision cross-section for an 
attractive potential indicated by the dashed line in 
Fig. 3 is obtained. 

Z 4. Electron-hole scattering 

The electron-hole scattering mobility is given by 
eqn (13) of Part I. Again, the temperature dependence 
of/~e.D and ~h.A is involved and, as indicated in the 
previous subsection, the parameters Pe and P, depend 
quadratically on temperature. The function F, how- 
ever, is independent of temperature [see eqn (12) and 
Fig. 3 of Part I]. Consequently, this yields for F(P) 
a value that increases with decreasing temperature. 
So the electron-hole scattering mobility as well as 
the minority impurity scattering mobility increase 
with respect to the majority impurity scattering 
mobility with decreasing temperature. Consequently, 
at high concentrations where the lattice scattering is 
negligible, the ratio between minority carrier mobility 
and the majority carrier mobility increases with 
decreasing temperature. 

3. EFFECTS OF INCOMPLETE IONIZATION 

At low temperatures the impurity atoms are only 
partly ionized. In the temperature range shown in 

Figs 1 and 2 the ionization is almost complete. 
However, the data on the minority carrier diffusion 
length as a function temperature range down to 
100 K for electrons[3,4], and even down to 30 K for 
holes[5]. At these low temperatures only a small 
fraction of the impurity atoms will be ionized. In this 
section we will investigate the effects of incomplete 
ionization on the minority carrier mobility as a 
function of temperature. 

The fraction of ionized impurity atoms can be 
calculated using a quite simple method (see e.g. 
Ref. [13]). A problem of this method is that at a 
concentration of about 3 x 1018cm -3 the ionization 
energy goes to zero. At that concentration the ioniz- 
ation is still incomplete, while the method cannot be 
used for higher concentrations. Kuzmicz published 
an analytical approximation for the ionized fraction 
as a function of temperature[14]. His results are based 
on a more sophisticated method and show complete 
ionization at high concentrations. Consequently, they 
can be used over the whole concentration range, but 
only for temperatures higher than 250 K. Therefore, 
we used the former method, modified in the acti- 
vation energy model the power dependence on the 
concentration and allowed for negative activation 
energies. The parameters in the activation energy 
model were determined in a fit to experimental resis- 
tivity data as a function of temperature and impurity 
concentration. In this fit the majority carrier mobility 
was calculated as in Figs 1 and 2 (see Section 2.2), 
while the ionized impurity concentration in the mo- 
bility formulation and the carrier concentration were 
obtained from the ionized fraction. The comparison 
of model calculations and experimental data in Fig. 5 
shows that at high concentrations the agreement 
is good, while at low concentrations the deviations 
are smaller than 30%. The resulting ionized fraction 
is shown in Fig. 6 as a function of temperature 
and impurity concentration. From this figure it 
can be seen that, like Kuzmicz[14], we obtained 
complete ionization at concentrations larger than 
1019 c m  -3. 

Using the ionized fraction as a function of tem- 
perature and concentration, we can now investigate 
the influence of the incomplete ionization on the 
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Fig. 7. Electron mobility as a function of temperature for 
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model calculations for the minority electron mobility using 
complete ionization; dotted lines indicate model calculations 
for the minority electron mobility using a temperature- 
dependent ionization (see Fig. 6); and solid lines indicate 
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minority carrier mobility as a function of  tempera- 
ture. It should be noted that once the temperature 
dependence of the lattice scattering mobility and 
majority impurity scattering mobility is known, the 
temperature dependence of the minority carrier mo- 
bility itself is completely fixed by functions G(P)  and 
F ( P )  and parameters determined in Part I. In Figs 7 
and 8 the temperature dependence of  the minority 
carrier mobility is shown with complete and incom- 
plete ionization. As can be seen from these figures, 
incomplete ionization has only a very small effect on 
the minority carrier mobility. Furthermore,  the min- 
ority carrier mobility shows a temperature behaviour 
distinctly different from the majority carrier mobility. 
Moreover,  it shows that at all temperatures the 
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Fig. 8. Hole mobility as a function of temperature for 
various impurity concentrations. Dashed lines indicate 
model calculations for the minority hole mobility using 
complete ionization; dotted lines indicate model calculations 
for the minority hole mobility using a temperature-depen- 
dent ionization; and solid lines indicate the majority hole 

mobility. 

minority carrier mobility decreases (or stays con- 
stant) with increasing impurity concentration. This is 
in disagreement with the results reported by Swirhun 
et al.[4] and Wang et al.[5]. The origin of this 
discrepancy will be discussed in the following 
sections. 

4. T E M P E R A T U R E  D E P E N D E N C E  O F  C A R R I E R  L I F E T I M E  

As mentioned in the introduction, only data on the 
minority carrier diffusion length as a function of 
temperature are available[3 5]. Consequently, besides 
the concentration dependence, the temperature de- 
pendence of  the lifetime is also needed in order to 
compare our model with these data. 

The concentration dependence of the lifetime for 
electrons L and for holes rh can be described (see e.g. 
Ref. [13]): 

by 

and 

"t-( 1 = ,r0.~ + CSRH. eNt  jr_ CAug,~.p2 (3a) 

l -h  I = "~01~ "k CSRH, hNI Jr- CAug, hr/e,  (3b) 

where %,i is the intrinsic lifetime, CsRH, ~ is the 
Shockley-Read Hall coefficient, N, is the total im- 
purity concentration, CAug,, is the Auger coefficient, 
and p and n are the hole and electron concentrations. 
Mid-gap centres are most effective in the steady-state 
Shockley-Read-Hal l  process. Recombination involv- 
ing these centres leads according to theory[15-17] and 
various experiments[18 21] to lifetimes increasing 
with temperature. For the Auger-limited lifetime, 
however, theory[22] and experiments[23,24] show a 
decrease with increasing temperatures. Consequently, 
the terms in eqn (3) representing the Shockley 
Read-Hal l  and Auger process, respectively, should 
have separate temperature dependences: 

/300\~  

q- (C Aug,. e p -  ) , (4) 

where T is the temperature, and 7 and 6 are expected 
to be positive. A similar expression should hold for 
the hole minority lifetime. It should be noted that in 
the comparison of  experimental data and model 
calculations ~0,e plays a minor role (see below and 
Table 1). 

Table 1. Model  parameters  for the minor i ty  carr ier  
lifetime [see eqn (4)] 

Parameter  Electrons Holes 

r 0 (ms) 2.50 2.50 
CSR u (10 J3cm3s ~) 3.00 11.76 
CAog (10 ~ c m 6 s  i) 1.83 2.78 
7 1.77 0.57 
6 1.18 0.72 
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Fig. 9. Minority electron lifetime as a function of acceptor 
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data from the literature: 0[23]; A[25]; *[26]. The dashed 
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Table 1. 

To determine accurately the parameters CSRH, I, 
CAug.~, Y and 6, one would need a set of  lifetime data 
as a function of  concentration and temperature. Such 
data is however very scarce in literature. Dziewior 
and Schmid performed their measurements only at 
three temperatures[23]. At this point it is interesting 
to note which models were used by the authors who 
performed the experiments. Swirhun e t  al.[4] took the 
minority carrier lifetime to be independent of tem- 
perature and arrived at a temperature dependence of  
the minority electron mobility in disagreement with 
our model (see Section 3). Earlier, Swirhun[3] used a 
power dependence on temperature for the lifetime 
(zeoc T x) to interpret the same diffusion length data. 
The power x was varied between i at low concen- 
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Fig. I0. Minority electron lifetime calculated as a function 
of temperature for various acceptor concentrations [see eqn 

(4) and Table 1]. 

trations and about - 0 . 4  at high concentrations. This 
is in agreement with a Shockley-Read-Hal l  limited 
lifetime at low concentrations and an Auger limited 
lifetime at high concentrations. From eqn (4), how- 
ever, it will be clear that a single power dependence 
will not suffice to describe the lifetime over a large 
temperature range for these two competing processes 
(see also Fig. 10). Wang e t  al.[5] used a lifetime 
increasing linearly with decreasing temperatures 
down to 30 K. They found a temperature dependence 
of  the minority hole mobility that is in disagreement 
with our model (see Section 3 and Fig. 8). This is not 
surprising, because at low temperatures the lifetime 
is determined by the Shockley Read Hall process 
and decreases with decreasing temperature (see also 
Fig. 10). 

As mentioned in the previous section, the tempera- 
ture behaviour and concentration dependence of  the 
minority carrier mobility are completely correlated 
in our model. Therefore, we calculated the minority 
carrier diffusion length using our mobility model and 
the lifetime model given by eqn (4). The parameters 
in the latter model were determined from a simul- 
taneous fit of: 

the diffusion length to the experimental data as a 
function of  temperature and concentration[3-5]; 
and 

- - t he  minority carrier lifetime to the experimental 
data as a function of concentration (see Fig. 9). 

The results for the diffusion length will be presented 
in the next section, while here the lifetime will be 
discussed. The parameters found for the lifetime 
model are given in Table 1. Using these parameters 
the minority carrier lifetimes are well described as a 
function of concentration, as can be seen from Fig. 9 
for electrons. The temperature dependence of  the 
Shockley-Read-Hal l  lifetime is different for minority 
electrons and holes, which has also been observed in 
direct experiments on deep levels[18,20,21]. In Table 2 
the values found for the Auger coefficients are com- 
pared with experimental and theoretical data. For  
both types of  carriers the trends as a function of 
temperature are in good agreement, while for holes 
almost identical values were found. 

In Fig. 10, finally, for minority electrons the life- 
time as a function of temperature is shown for the 

Table 2. Compar ison of  Auger  coefficients (in 10 3~ cm ~ s J) from 
this work and from literature for various temperatures T. It should 
be noted that the values listed as "this  work"  have been calculated 

from CAo ~ (T/300) ~) in order to facilitate comparison 

T (K) Reference Electrons Holes 

77 This  work 0.37 1.0 
Experimental [23] 0.78 2.3 
Theoretical [22] 1.8-2.4 

300 This  work 1.8 2.8 
Experimental  [23] 0.99 2.8 
Theoretical [22] 2.7 

400 This work 2.6 3.4 
Experimental  [23] 1.2 2.8 
Theoretical [22] 2.8 
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acceptor concentra t ions  used by Swirhun in the ex- 
periments  on the diffusion lengths[3] (see Section 5). 
F rom this figure two recombina t ion  mechanisms can 
clearly be distinguished: the Shockley Read Hall 
process at low temperatures  and concentra t ions  
vs the Auger  process at high temperatures  and 
concentrat ions.  

5. C O M P A R I S O N  W I T H  E X P E R I M E N T A L  D I F F U S I O N  
L E N G T H  D A T A  

From the previous section it will be clear tha t  for 
a compar ison  between the minori ty carrier  mobili ty 
from our  model and experiments,  we have to use the 
diffusion length data.  In order to separate the tem- 
perature  dependence from the concent ra t ion  depen- 
dence, we normal ized the data[3,5] to values at 300 K 
(see Figs 11 and 12). Moreover,  for the data  of  
Swirhun this procedure  was necessary because for 
low concent ra t ions  the diffusion lengths were stated 
to be too small due to a systematic error. The 
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temperature  dependence, however, was unaffected[3]. 
In Figs 11 and 12 the results of  the in terpre ta t ion 
ment ioned in the previous section are compared  with 
the experimental  data.  For  the normal ized minori ty 
electron diffusion length, differences between exper- 
imental  data  and model are smaller than 10% for 
temperatures  higher than 150 K. For  the normalized 
minori ty hole diffusion length, good agreement  
between experimental  data  and  model calculations is 
obta ined for temperatures  even down to 100 K. The 
minori ty hole diffusion lengths measured by Wang 
e t  al.[5] can also be compared  with our  model cal- 
culat ions without  normalizat ion.  To this end, we 
reduced the coefficient CSRH, h, which in contras t  to 
CAug. h may be dependent  on wafer processing, with 
30% in order to obta in  perfect agreement  between 
our  lifetime model and the lifetime data  of  Wang  at 
300 K. The minori ty hold diffusion lengths obta ined 
are shown in Fig. 13. F rom this figure it can be seen 
that  over the whole temperature  region and for all 
donor  concentra t ions  the difference between model 
and experimental  da ta  is less than  20%. 

6. C O N C L U S I O N S  

The unified mobili ty model published earlier (see 
Section I) has been extended to describe the tempera- 
ture dependence of  both  majori ty and minori ty car- 
rier mobility. Apar t  from the parameters  0r in the 
lattice scattering mobility, no addi t ional  parameters  
were in t roduced to obta in  the temperature  depen- 
dence of  the minori ty carrier mobility. Incomplete 
ionization was shown to play a minor  role in the 
minori ty carrier mobili ty as a function of  tempera- 
ture. The temperature  dependence of  the minori ty 
carrier  lifetime, however, is of crucial importance in 
the in terpre ta t ion of diffusion length data  as a func- 
tion of  temperature.  Using a realistic model for the 



Unified mobility model for device simulation--lI 967 

minori ty  carrier  lifetime we obta ined  good agreement  
between our  model and  experimental  da ta  on the 
diffusion length as a funct ion of  temperature.  Most  
remarkable  is tha t  our  model  does not  predict a 
minori ty  carrier  mobil i ty sharply increasing with 
concent ra t ion  at low temperatures.  This is in contras t  
to earlier in terpreta t ions  of  the same data[4,5], in 
which too simple models for the carrier lifetime were 
used. 

In conclusion, it may be stated that  the first 
physics-based analytical model has been presented 
(here and in Part  I), tha t  unifies the descriptions of  
majori ty and minori ty carrier mobili ty and that  
includes the full tempera ture  dependence of  bo th  
majori ty and minori ty  carrier  mobility. Using this 
model good agreement  with all available experimen- 
tal da ta  has been obtained.  Because the carrier mobil-  
ity is given as an analytical  function of  the donor ,  
acceptor,  electron and hole concentra t ions  and of  the 
temperature,  the model is especially suited for device 
s imulat ion purposes.  
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